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We investigate novel features of three dimensional non-Hermitian Weyl semimetals, paying special attention
to its unconventional bulk-boundary correspondence. We use the non-Bloch Chern numbers as the tool to obtain
the topological phase diagram, which is also confirmed by the energy spectra from our numerical results. It is
shown that, in sharp contrast to Hermitian systems, the conventional (Bloch) bulk-boundary correspondence
breaks down in non-Hermitian topological semimetals, which is caused by the non-Hermitian skin effect. We
establish the non-Bloch bulk-boundary correspondence for non-Hermitian Weyl semimetals: the Fermi-arc edge
modes are determined by the non-Bloch Chern number of the bulk bands. Moreover, these Fermi-arc edge modes
can manifest as the unidirectional edge motion, and their signatures are consistent with the non-Bloch bulk-
boundary correspondence. Our work establish the non-Bloch bulk-boundary correspondence for non-Hermitian
topological semimetals.
I. INTRODUCTION
Topological phases are characterized by bulk topologi-
cal invariant. Examples are topological insulators[1–10],
topological superconductors/superfluids[11–18] and Weyl
semimetal[19–31]. For equilibrium closed systems, described
by Hermitian Hamiltonian, the topological invariants are de-
fined in the term of the Bloch Hamiltonian[3–5]. The Hermi-
tian Hamiltonian has real eigenenergies and a set of orthog-
onal eigenstates. The bulk topological invariants dictates the
existence of robust edge states at the boundary. This bulk-
boundary correspondence is a ubiquitous guiding principle to
the topological phases. The bulk-boundary correspondence
is also applicable when the bulk is gapless, by virtue of point
touching of nondegenerate conduction and valence bands[19].
The gapless bulk band structure has paired Weyl points with
opposite chirality and topological charge. The massless Weyl
fermions near the Weyl points are stable against perturbations.
Recently, considerable effort has been devoted to ex-
plore the properties of nonequilibrium open systems, espe-
cially non-Hermitian systems[32–50]. The non-Hermitian
systems include optical and mechanical systems with gain
and loss[51–59], solid state system with finite quasiparticle
lifetimes for non-Hermitian self energy[60–62]. The non-
Hermitian systems exhibit many impressive features, such as
non-Hermitian skin effect[63–65], bulk Fermi arcs connect-
ing exceptional points[60, 62, 66, 67] and biorthogonality[68–
71]. In particular, the non-Hermitian skin effect[63–65]
means that all energy eigenstates can be exponentially lo-
calized at the boundary of non-Hermitian systems[72–82].
The interplay between the topology and the non-Hermiticity
can lead to the breakdown of the Bloch bulk-boundary
correspondence[63–65, 81–84]. The topological properties
of the non-Hermitian systems can not be precisely predicted
by the Bloch eigenstates under open boundary conditions.
Furthermore, the real topological invariant is defined in non-
Bloch Hamiltonian instead of Bloch Hamiltonian. The non-
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Bloch winding (Chern) number has been introduced to char-
acterized the topological properties of one-dimensional (two-
dimensional) systems[63, 64, 82]. The non-Bloch topological
invariants strictly characterize the chiral edge modes and pro-
vide the non-Bloch Bulk-boundary correspondence.
For three dimensional non-Hermitian systems, the Weyl
points can be spread into exceptional lines and even excep-
tional surfaces. Examples of non-Hermitian Weyl semimet-
als have been considered in Refs. [39, 45, 85, 86], however,
their novel bulk-boundary correspondence has not been un-
covered and clarified yet, which is the focus of the present
paper. In this work, we investigate the topological proper-
ties of the non-Hermitian Weyl semimetal in the presence of
on-site gain/loss. We analyze the shape of the exceptional
rings by Bloch band theory under periodic boundary condi-
tion and give the topological phase diagram. Furthermore, the
Weyl semimetal can be regarded as a stack of layers of two
dimensional Chern insulator in kz momentum space in the ab-
sence of on-site gain/loss. Thus, we can bring insight into the
topological properties of the non-Hermitian Weyl semimetal
by the non-Bloch Chern number. We extend the Bloch mo-
mentum space T 3(k) into complex momentum space T˜ 3(k˜)
to derive the three dimensional non-Bloch Hamiltonian. For
a fixed momentum kz, the three dimensional complex mo-
mentum space T˜ 3(k˜) is reduced to two dimension T˜ 2(k˜⊥) in
which the non-Bloch Chern number can be defined. We find
a new non-Bloch bulk-boundary correspondence for the non-
Hermitian Weyl semimetal. The non-Bloch Chern number
can predict the Fermi-arc edge modes. As such, the Bloch
band theory and the conventional bulk-boundary correspon-
dence breaks down for the non-Hermitian skin effect, which
fundamentally affects the topological phase diagram. The va-
lidity of non-Bloch Chern number is confirmed by comparing
its prediction to numerical results of real space energy spectra
and edge-state transport.
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FIG. 1. Topological Phase Diagram for Λ = (λ, λ, 0). The blue-
dotted curve, determined by the real space energy spectra of cu-
bic open boundary, is the topological phase boundary between non-
Hermitian Weyl semimetal and insulator. The left non-Hermitain
Weyl semimetal has gapless bulk and gapless Fermi-arc edge modes.
The right insulator has gapped bulk and gapped edge. The open-
boundary spectra for the three marked points is given in Fig.3. The
topological phase boundary closely approximates to the boundary
based on non-Bloch Chern number (red-solid curve with m = 3+λ2).
This non-Bloch phase boundary is fundamentally different with the
phase boundaries based on the Bloch theory (black-dashed lines with
m± = 3 ±
√
2λ). According to Bloch band theory, the phase is non-
Hermitian Weyl semimetal when m < m− and trivial semimetal for
m− < m < m+. The phase is gapped insulator for m > m+. The Bloch
spectra have a pair of Weyl exceptional rings for non-Hermitian Weyl
semimetal and a merged exceptional ring for trivial semimetal.
II. NON-HERMITIAN BLOCH HAMILTONIAN
We consider a non-Hermitian Bloch Hamiltonian of
semimetal on a cubic lattice:
H(k) = (sin kx + iλ)σx + (sin ky + iλ)σy
+(m − cos kx − cos ky − cos kz)σz, (1)
where σx,y,z are Pauli matrices. The non-Hermitian param-
eters Λ = (λ, λ, 0) appear as ’imaginary Zeeman fields’
strength. In the absence of non-Hermitian parts (Λ = 0), the
eigenvalues of the system are E±(k) = ±h(k) with h(k) =
|h(k)| and h(k) = (sin kx, sin ky,m− cos kx − cos ky − cos kz). A
pair of Weyl points with Z2 topological charge are stable when
|m| < 3. The topological nontrivial phase is Weyl semimetal.
When |m| > 3, the two Weyl points will annihilate with each
other and the phase is gapped insulator. There is a topologi-
cal phase transition between Weyl semimetal and insulator at
|m| = 3. Therefore, we will focus on m being close to 3.
In the presence of non-Hermitian parts, the Bloch energies
of above H(k) are E±(k) = ±
√
h(k)2 − Λ2 + 2iΛ · h(k). A
non-Hermitian band is called ”fully gapped” (or ”isolated”)
if the energy has no overlap with that of any other bands in
FIG. 2. Illustration of the exceptional rings in Bloch Brillouin zone
with λ = 0.2 for (a) m = 2.6, (b) m = 2.7172 and (c) m = 3.05.
In the presence of the non-Hermitian part, the paired Weyl points are
spread into a pair of Weyl exceptional rings with opposite charge. As
increasing of m, the two Weyl exceptional rings will merge into one
uncharged exceptional ring at m = m−. The uncharged exceptional
ring will disappear when m > m+.
the complex-energy plane, while is called ”gapless” (or ”in-
separable”) if the complex-energy is degenerate with other
bands[72]. For our non-Hermitian system, the Bloch bands
are gapless when m < m+ with m± = 3 ±
√
2λ as shown in
Fig. 1. For the gapless regions, the phase is non-Hermitian
Weyl semimetal and the Bloch spectra have a pair of Weyl ex-
ceptional rings with opposite charge[45] for periodic bound-
ary condition when m < m−. The two Weyl exceptional rings
merge into one uncharged exceptional ring and the phase is
topological trivial semimetal for m− < m < m+. There is
a topological phase boundary between non-Hermitian Weyl
semimetal and trivial semimetal at m = m−. The uncharged
exceptional ring will shrink into an exceptional point at m =
m+. Then, the phase is gapped insulator when m > m+. Fig. 2
shows the evolution of the exceptional rings as the increasing
of m with λ = 0.2.
III. PHASE DIAGRAM BASED ON NON-BLOCH CHERN
NUMBER
In Hermitian systems, Weyl semimetals are characterized
by topologically protected Fermi-arcs. The chiral/helical gap-
less edge states exist in a finite region in momentum space
and should be determined by the properties of Bloch Hamilto-
nian. The Bloch Bulk-boundary correspondence is a key prop-
erties ofWeyl semimetals. However, the Bloch bulk-boundary
correspondence is not applicable to the topological properties
of the non-Hermitian system for non-Hermitian skin-effect.
Therefore, the topological phase diagram based on the Bloch
band theory will generate pronounced deviation to the real
phase diagram. Thus, we draw the phase boundaries by the
non-Bloch Chern number and the real space energy spectra.
The non-Bloch Chern number is defined in a complex mo-
mentum space instead of Bloch momentum space[64]. To de-
termine the topological phase boundary, we consider the low-
energy continuum case in x − y plane of our non-Hermitian
Bloch Hamiltonian Eq.(1), which can be rewritten as follow-
3ing:
H(k) = (kx + iλ)σx + (ky + iλ)σy
+
m − 2 + k
2
x
2
+
k2y
2
− cos kz
σz, (2)
To extend the Bloch momentum space into complex mo-
mentum space, we take kx,y → k˜x,y + ik˜′x,y and kz → k˜z. Here,
the imaginary parts take the form k˜′x,y = −λ[64]. The Bloch
Brillouin zone T 3(k) undergoes a deformation to non-Bloch
Brillouin zone T˜ 3(k˜). The non-Bloch Hamiltonian is defined
as follows:
H˜(k˜) ≡ H(k → k˜ + ik˜′),
= k˜xσx + k˜yσy +
m˜(k˜z) + k˜
2
x + k˜
2
y
2
− iλ(k˜x + k˜y)
σz,
with m˜(k˜z) = m − 2 − λ2 − cos k˜z. The right/left eigenvectors
of the non-Hermitian Hamiltonian are
∣∣∣uRn(k˜)〉 / 〈uLn(k˜)∣∣∣ and
satisfy:
H˜(k˜)
∣∣∣uRn(k˜)〉 = En ∣∣∣uRn(k˜)〉 ,
H˜†(k˜)
∣∣∣uLn(k˜)〉 = E∗n
∣∣∣uLn(k˜)〉 ,
where n is the band index. The eigenvectors are normalized
with 〈uLn|uRm〉 = δnm. We have k˜z = kz, which is real. For a
fixed real value of kz, the non-Bloch Brillouin zone T˜
3(k˜) is
reduced to T˜ 2(k˜⊥) with k˜⊥ = (k˜x, k˜y). Then, we use the defini-
tion of non-Bloch Chern number in two non-Bloch Brillouin
zone T˜ 2(k˜⊥) [64]:
Cn(kz) =
1
2πi
∫
T˜ 2
d2k˜⊥ǫi, j
〈
∂iuLn(k˜⊥, kz)
∣∣∣∂ juRn(k˜⊥, kz)〉 , (3)
where ǫx,y = −ǫy,x = 1. For a fixed kz, the non-Bloch band
is ”fully gapped”. The non-Bloch Chern number is 0 for
m˜(kz) > 0 and 1 for m˜(kz) < 0. As kz is varied, C(kz) re-
mains constant as long as the gap is unclosed. C(kz) will
change only when the gap is closed at kz = ±kcz and the T˜ 2(k˜⊥)
plane crosses non-Hermitian Weyl nodes. Like the case of
Hermitian Weyl semimetal, we also can assign to the non-
Hermitian Weyl nodes an integer topological charge (equal to
the change of the non-Bloch Chern number across the Weyl
nodes). The topological charge stabilizes the non-Hermitian
Weyl nodes. Therefore, the topological phase boundary be-
tween non-Hermitian Weyl semimetal and insulator based on
non-Bloch Chern number is
m = 3 + λ2, (4)
which is shown in Fig. 1. The non-HermitainWeyl semimetal
phase on the left of the topological boundary has gapless bulk
and gapless Fermi-arc edge modes. The insulator phase on the
right has gapped bulk and gapped edge. There is a dichotomy
between the two topological phase diagrams bases on the non-
Bloch Chern number and the Bloch band theory. The exact
topological phase boundary is only a single curve and the
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FIG. 3. Real Space Energy Spectra Under Cubic Open-Boundary
Condition: (a) m = 2.7172, (b) m = 3.05 and (c) m = 3.2828 (three
value of parameters indicated in Fig. 1) with λ = 0.2 and lattice site
size L = 20. (d) - (f) show the magnitude of the gap ∆ as functions
of 1/L for (a) - (c), respectively. L is the lattice site size in x, y, z
direction. The intercept of ∆ − 1/L line gives the gap in large scale
limit (L → ∞). The gap is zero for (d)(e) and nonzero for (f).
phase diagram has no topological trivial semimetal. Inter-
esting, tn sharp contrast to the Hermitian systems, the con-
ventional bulk-boundary correspondence breaks down in the
non-Hermitian Weyl semimetal. The Fermi-arc edge modes
of the non-Hermitian Weyl semimetal are determined by the
non-Bloch Chern number of the bulk bands. The breakdown
of the Bloch band theory is caused by the non-Hermitian skin
effect.
To check the valid of topological phase diagram based on
non-Bloch Chern number, we calculate the real space energy
spectra under cubic open-boundary condition (lattice sites size
L × L × L). The up row of Fig. 3 show the spectra for (a)
m = 2.7172, (b) m = 3.05 and (c) m = 3.2828 with λ = 0.2
(three indicated points in Fig. 1). Considering the size effects,
we make the lattice size scaling of the gap in Fig. 3(d) - (f)
for (a) - (c), respectively. The gap is given by the intercept
of ∆ − 1/L line. In Bloch theory, the three spectra are gap-
less and have exceptional rings/point in the spectra. As shown
in Fig. 3(a) and (b), the gap vanishes for m = 2.7172 and
m = 3.05 when L → ∞. Remarkably, there is a clear gap
at the spectra of m = 3.2828. Base on the spectra of cubic
open-boundary condition, there is a topological phase transi-
tion between the gapless non-Hermitian Weyl semimetal and
gapped insulator phases at m = 3.05. We draw the gapless-
gaped phase boundary under cubic open-boundary condition
by blue-dotted curve in Fig. 1. The two curves base on the
open-boundary energy spectra and the non-Bloch Chern num-
ber are very close. Therefore, the non-Bloch Chern num-
ber is valid to our three dimensional non-Hermitian Weyl
semimetal.
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FIG. 4. Non-Hermitian Skin Effects. Left panel: total normalized eigenstates N0
∑
n |uRn〉 under cubic open-boundary condition for (a)
m = 3.2828 and (b) m = 2.7172 with λ = 0.2 and lattice sites size L = 20. Right panels: wave pocket evolutions. The initial wave pocket takes
the Gaussian form ψ(t = 0) = N exp[−(ix − 10)/20 − (iy − 1)/10 − (iz − 10)/20](1, 1)T , normalized by N . The modulus squared intensity of
|ψ(t)〉 is normalized and shown for t = 0, 5, 15 in x− y plane by adding up in z−direction. The wave packet fades into the bulk in up row. There
has unidirectional edge motion in down row.
IV. NON-HERMITIAN SKIN EFFECT AND TRANSPORT
SIGNATURE OF EDGE MODES
Different from the Hermitian Hamiltonian, the eigenstates
are non-orthogonal for the non-Hermitian cases. All the
eigenstates are exponentially localized at the boundary of the
system. To illustrate the non-Hermitian skin effect, Fig. 4
shows the bulk states in x − y plane by adding up z−direction
for (a) m = 3.2828 and (b) m = 2.7172 with λ = 0.2. The
bulk states are localized at the boundary for both the non-
Hermitian Weyl semimental and topological trivial gapped in-
sulator phases. The usual bulk-boundary correspondence is
invalid for non-Hermitian systems.
For topological nontrivial phase, the localized eigenstates
have Fermi-arc edge modes and gapless bulk states. However,
there is no Fermi-arc edge modes in the topologically trivial
regime. The chirality of the Fermi-arc edge modes will af-
fect the wave pocket time evolution in topological nontrivial
phases. To reveal the topological properties and the Fermi-
arc edge modes, we investigate the wave pocket time evolu-
tion. The time dependent wave satisfies the non-Hermitian
Schro¨dinger equation:
i∂t |ψ(t)〉 = H |ψ(t)〉 . (5)
For an initial wave |ψ(t = 0)〉, the time dependent wave
function is |ψ(t)〉 = ∑n exp(−iEnt) |uRn〉 〈uLn|ψ(t = 0)〉. As
shown in Fig. 4, the wave pocket quickly spread into the bulk
for topological trivial insulator phase with m = 3.2828. How-
ever, there is clear chiral edge motion for the topological non-
Hermitian Weyl semimetal with m = 2.7172. This can be ex-
plain as following. Despite the eigenstates are localized at the
boundary for topological trivially phase, there is no signature
of chiral edge motion. Thus, the wave pocket evolve to the
bulk states by quick enter into the bulk without any topologi-
cal constrain. For topological nontrivial phase, there is chiral
edge modes with zero energy. The chirality of the edge modes
will constrain the wave pocket evolution along the edge. The
existence/absence of the chiral edge motion can be used to
determine the non-Hermitian topological nontrivial phases in
theory and future experiment.
V. CONCLUSION
We investigated the novel features of three dimensional
non-Hermitian Weyl semimetals by non-Bloch Chern num-
ber, Bloch band theory, open-boundary energy spectra and
dynamics. We showed that the non-Hermitain Weyl semimet-
als have gapless bulk and gapless Fermi-arc edge modes. We
uncover the non-Bloch bulk-boundary correspondence for the
non-Hermitian Weyl semimetal. The Fermi-arc edge modes
of the non-Hermitian Weyl semimetal are strictly determined
by the non-Bloch Chern number of the bulk bands. Thus, the
conventional bulk-boundary correspondence breaks down for
the non-Hermitian skin effect. The non-Hermitian skin ef-
fect also generates pronounced deviation of the phase diagram
from the Bloch band theory. The topological phase transition
between nontrivial and trivial phases does not occur at the
two Bloch phase boundaries. The topological phase bound-
ary is only a single curve in the phase diagram. The valid of
the non-Bloch Chern number is confirmed by the cubic open-
boundary energy spectra. Furthermore, we showed that the
5Fermi-arc edge modes can manifest as the unidirectional edge
motion.
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